Dimensional regularization is used to investigate the renormalization of the fermion mass, wave function, and coupling constant in the V-sector of a thermal Lee model in arbitrary space-time dimensions D and temperature T. A closed expression of the fermion mass renormalization shows that it diverges at the high-T limit and replicates a familiar form at the zero-T limit. Corresponding expressions of the wave function renormalization and the renormalized coupling constant vanish at the high-T limit, and resume respective customary forms at the zero-T limit. Likewise, the intrinsic scattering amplitude vanishes at the high-T limit, and reduces to the original amplitude at the zero-T limit. The 1D theory is especially useful for schematically graphing expressions that show thermal effects on the probability, the bare coupling constant, and the bare mass. Bifurcation of the bare parameters is a prominent feature in these graphs for particular choice of input. The β and γ coefficients of the Callan-Symanzik equation are calculated in closed form, and correlations between the β coefficient and the probability are in evidence for dimensions less than, or greater than 4. Schematic graphs incorporating Laurent expansions of the β coefficient, the probability, and the fermion-mass show the dependency of these functions upon the physical parameters in the theory for specific values of D. The thermal model is found to be asymptotically free for D<4, and for odd D5 at the high-T limit.
Introduction
The well-known Lee model [1] of an elementary quantum field theory describes three spinless particles V, N, and θ that join in the transition of a V into an N plus a θ and vice versa. The V-and N-particles are considered to be neutral and non-relativistic and obey Fermi-Dirac statistics. The θ-particles are neutral and relativistic and satisfy Bose-Einstein statistics. By the rules of standard quantum field theory, the corresponding V-and N-field operators and their Hermitian adjoints obey the customary equal-time canonical anti-commutation relations, while the θ-field operator and its conjugate momentum satisfy the customary equal-time canonical commutation relations. All other equal-time commutators and anti-commutators that may be formed from these operators vanish. The restrictive nature of the transition stipulates that the baryon number (total number of fermions, alias nucleons) and the baryonic charge (number of N-fermions minus the number of θ-bosons, alias pions) are conserved in any process involving these particles. In addition, the absence of antiparticles imposes a superselection rule that forbids crossing symmetry in scattering amplitudes.
These fabricated features of the model are the source of its mathematical accessibility. The Hilbert space of the theory consists of invariant subspaces, called sectors, which are labeled by the eigenvalues of the conserved quantities. The lowest non-trivial sector supports a discrete V-particle state and a continuum of N θ s-wave scattering states referencing baryon number 1 and baryonic charge 0. These states form a complete set subject to the condition that the renormalized coupling constant that gauges the strength of the interaction is less than a critical value that depends on an ultraviolet cut-off in the theory. However, if the coupling constant is greater than the critical value, then an additional negative norm, discrete V-particle (ghost) state, a non-Hermitian Hamiltonian, complex energy eigenvalues and the non-conservation of probability (non-unitarity) pervade the theory. In particular, absent the ultraviolet cutoff, the critical value is zero. The question of whether other theories such as the fixed source, one-meson approximation of the Low equations [2] [3] [4] , the charged and neutral scalar theories [5] , and the pair effect model of Machida [6] possess solutions within the accepted rules of quantum theory has been answered with the same conclusion: normal one-particle states can be constructed for renormalized coupling constants less than a cut-off dependent critical value. However, when these theories are extended beyond their respective critical values the probabilistic interpretation of the normalization constants of these one-particle states fails. In the case of the Lee model, these difficulties may be traced to its non-local character associated with the broken symmetry between the self-energy and the vertex-part: there is only one self-energy loop and no radiative corrections to the vertex-part [7] .
A full analysis of the V-sector for point particles was given by Heisenberg [8] , who showed that the following three cases can occur depending upon the size of the bare parameters (mass and coupling constant) in the theory: two real eigenvalues with corresponding orthogonal eigenvectors having positive and negative norms for sufficiently small coupling constant (indefinite metric for consistency with ghost state) [9] ; coincidence of these eigenvalues for one particular choice of the coupling constant (dipole-ghost state) [10] ; two complex conjugate eigenvalues with corresponding orthogonal eigenvectors with zero norms for sufficiently large coupling constant [11] . In this case, it was concluded that a physical interpretation is not possible in the higher subspace of two V′s plus θ. In case (2), Heisenberg [10] was able to show that a physical interpretation is possible, at least with some departure from the usual framework of quantum theory. The work of Weinberg [12] on the VN 'deuteron' sector produced various results for even-and odd-parity states depending on the value of the coupling constant. For example, there can be real-energy binding of a normal V, or a ghost V, and the N. The corresponding bound states have positive and negative norms, respectively. Complex energy states also arise with zero norms. This work was extended [13] to the (V−nN, n1) 'tritium sector and beyond', thereby expanding the possible geometrical configurations, and leading to cases where even-and odd-parity energy-states are associated with repulsive potentials and ghost-state binding. Regardless of the many pathological features that plague the model, subspaces involving scattering amplitudes, production amplitudes, decaying amplitudes, bound states and resonances have been studied via a number of different methods of solution, often with the aim of addressing some analogous realistic problem. The Lee model and its extensions have proven to be very useful pedagogical frameworks for the discussion of many dynamical problems and mathematical techniques [14] .
The aforementioned early investigations concluded that violations of the basic tenets of quantum theory, in particular that the non-conservation of probability (non-unitary S-matrix), are unavoidable in the Lee model. A recent investigation [15] of the ghost-state problem argues that a non-Hermitian Hamiltonian having spacetime reflection symmetry may define a quantum theory that is unitary with a Hilbert space of positive norms. The proof of these assertions follows from the introduction of a new time-independent operator which defines a new inner product in the Hilbert space of the theory. The construction and application of such an operator for the V-sector removes the negative-norm ghost-state and restores unitarity in the model, a remedy that holds for all values of the renormalized coupling constant. It is not clear that solving the ghost-state problem in the V-sector lends credence to the veracity of the solution in higher sectors. Investigating whether or not this solution applies to the V-sector of the thermal model is not our purpose here, although one may question if it does. The presence of the pathological features not-with-standing, this work addresses the consequences of thermal effects on renormalization in the V-sector, a subject that appears to be absent in the Lee-model literature. To complement this endeavor, we include an investigation of asymptotic freedom and the thermal Lee model. In the original model, and possibly in all of its many modifications and applications, the basic interaction takes place in a zero-T environment. In the present context, the interaction occurs in the presence of a background heat bath of particles at finite temperature T. The idea of the application of finite-temperature field theory to a soluble model motivated this work. In particular, at high-T the model may be suggestive of the role particle physics plays in the early universe, perhaps so because the Lee model has been used on some occasions to mimic realistic processes (e.g. [17] ). In that regard, such an exactly soluble model is not only intrinsically interesting at arbitrary T, but, in particular, at high-T it approaches a zero-mass boson theory, vaguely similar to photon theory, while at the other extreme it takes on the well-known low-T form.
Therefore, we are interested in calculating and displaying temperature-dependent expressions for some of the basic entities in the model, such as the V-fermion mass m and mass shift, the wave function renormalization constant Z, the renormalized coupling constant g, and the Callan-Symanzik (CS) coefficients β and γ. Also, we are concerned with how the temperature dependence of the renormalized coupling constant and the renormalized V-fermion propagator affects the scattering amplitude and the corresponding vertex function. Included in this interest would be the effects of temperature on bound states and decaying states which have been studied [16, 17] at zero-T. Feynman diagrams are calculated in the usual way, with the caveat that finitetemperature propagators substitute for their zero-T counterparts. Of course, this modification is due to the presence of real fermions and bosons in the background heat bath.
Renormalization calculations of the mass, wave function, and coupling constant are carried out via the technique of dimensional regularization which provides a framework for a continuum of theories and expresses these quantities in terms of finite integrals. This approach to the Lee model was initiated by Bender and Nash [18] , and analyzed again by Morris et al [19] . These authors differ in that the former conduct an off-shell renormalization of the coupling constant, while the latter carry out an on-shell analysis and demonstrate the mathematical equivalence of the two forms of renormalization. The contemporary language of the renormalization group, the CS equation [20] , and asymptotic freedom are used in these studies of the model, and similarly in a modification of the model that includes a quartic interaction [21] . The works of [18, 19] at T=0 motivated an interest in dimensions greater than or equal to 5. The former concluded that the Lee model is ultraviolet-stable but not asymptotically free for odd D5 (where the CS β exists), while the latter calculated that their β does not exist for all integers D5. Exploration of dimensions D5 for T≠0 is a thermal generalization of the T=0 work of [19] . One of the beauties of dimensional regularization is that it provides physical and mathematical insight into a given quantum field theory. Well-known applications of dimensional regularization at T=0 include quantum electrodynamics and the toy f 4 -model. Unlike the soluble Lee model, these theories are approachable only via perturbation theory [23] .
It is fundamental that the wave function renormalization constant Z is the probability of finding a free Vparticle (bare) state in the physical (dressed) V-particle state. Therefore, if this probability is found to be either less than zero or greater than one, an unphysical condition exists. A direct correlation between the sign of β and the presence of such a condition has been noted in the zero-T theory [18] , namely, a negative β signals a probability that lies within acceptable limits; on the other hand, if β is positive, the probability is out of bounds and the spooky ghost-state is present. The existence of this correlation is manifestation of the proportionality between the CS coefficients and the shift in the coupling constant and field renormalization as the renormalization scale is varied. It has been observed [18] in the zero-T theory that there is no ghost state with the quantum numbers of a V-fermion when the theory is asymptotically free. We find that negative probabilities may exist simultaneous with asymptotic freedom. In the following, we use the four-vector notation k=(k, ik 0 ), x=(x, ix 0 ), and set the Boltzmann constant k B , the Planck constant ћ, and the speed of light c equal to unity.
Statistically corrected propagators
The real scalar field x F( ) is our first mathematical object of consideration. In a familiar way, we set up an expansion in momentum space in terms of creation a † (k) and annihilation a (k) operators via the normalized plane form
The operator expansion coefficients satisfy the commutation relation
μ is the (bare=physical) mass of the boson. It is an entry-level exercise in the use of second-quantization operator-algebra to express the scalar field Hamiltonian in terms of creation and annihilation operators. The normal-ordered result with respect to the zero-
is identified as the boson number operator a † (k) a (k). It follows from standard particle statistics that the expected number of bosons with energy ω with respect to the thermal vacuum 0ñ | is
where n BE (ωy/μ) is the Bose-Einstein distribution function. The temperature is contained in the definition of the dimensionless thermal parameter y≡μ/T. In the zero-T limit, the occupation number n BE (ωy/μ) vanishes since the number operator has zero value with respect to |0). Absent from equation (4) is the infrared singularity problem that arises, for example, in quantum electrodynamics [22] . Following a similar procedure for the neutral non-relativistic fermion field ψ(x), we introduce a plane wave expansion
where the operator coefficients b (k) satisfy the anti-commutation relation
In this case, the Hamiltonian operator is ò d
where N F (k) and E(k) are the fermion number operator b † (k) b(k) and the non-relativistic energy m o +k value with respect to l 0); m o denotes the bare mass of the fermion. Again, from standard particle statistics, the expected number of fermions having energy E (k) with respect to the thermal vacuum is N k n Ey 0 0 e 1 , 7
where n FD (Ey/μ) is the Fermi-Dirac distribution function. Ultraviolet cutoffs are automatic in the BoseEinstein and Fermi-Dirac distribution functions. Propagators in the thermal theory are defined in terms of time-ordered products of field operators, with the caveat that they are calculated with respect to the thermal vacuum 0ñ
| . By definition, we expect that finitetemperature propagators reduce in the zero-T limit to their familiar Feynman forms. An elementary derivation of the statistically corrected scalar-field propagator can be found in the literature [22] . The derivation begins with the time (τ)-ordered expression,
One inserts expansion equation (1) into (8), and removes the vanishing terms aa and a a , † † while retaining the terms aa † and a a.
† The first of these latter terms leads to the usual momentum-space Feynman propagator
−1 that results from a familiar contour integration technique. The second term leads to the finite-temperature part of the propagator that results from the product of two quantities, the first of which is due to the presence of bosons in the heat bath,
while the second incorporates the Dirac relationship,
which puts the non-interacting heat bath bosons on the energy shell. Following these considerations, we express the boson propagator as
For mathematical convenience, the corresponding Fourier transform coefficient is defined with the same symbol. We have,
A similar derivation of the statistically corrected fermion propagator yields,
where p 0 is −i times the fourth component of the fermion momentum vector. The Fourier transform expansion coefficient in equation (13) is defined with the same symbol by,
The first term in this equation denotes the Feynman propagator
The expressions given by equations (13)- (15) describe the propagation of the V-or N-fermion; E represents the energy of the particle, and n FD (p 0 y/μ) stands for the corresponding distribution function. To simplify the fermion propagators, we assume that the V-and N-particles are very massive (no recoil approximation) and thus stationary with respect to the heat bath. On the other hand, the bosons are not so massive and subject to the effects of temperature. Therefore, E V =m oV ≡m o , and E N =m oN where m o and m oN are bare masses. By the nature of the interaction in the model, the bare mass m oN and the physical mass m N of the N-particle are identical. On the other hand the physical mass m of the V-particle is the difference between its bare mass m o and the mass counter term. The latter offsets any change in the physical mass of the V-particle due to the effects of the interaction. The prescription that the fermions are at rest with respect to the heat bath, implies that the background temperature is insignificant in comparison with the fermion mass. Hence, the Fermi-Dirac distribution function has zero value and the temperature part of a fermion propagator plays no role in the present calculations. It may be of interest in future investigations to include both parts of the fermion propagators in a complete finite-temperature calculation, as in realistic finite temperature quantum field theory [22] . In that case, it is reasonable to presume that the mass of the fermion would be independent of its momentum at low temperatures, but depend on its momentum at high temperatures. Under the present assumptions, thermal effects enter only through the boson propagator. Propagators, vertex functions, and scattering amplitudes that represent the sum of all contributing Feynman diagrams employ S (p 0 ) to reference a fermion line, a bare coupling constant g o to denote the vertex part, and Δ (y, -k 2 ) to represent a boson line; each variable momentum on a boson line contributes a four-dimensional integration.
V-propagator and mass renormalization in D-dimensions
The thermal propagation of a V-fermion is calculated as a geometric series generated by an unlimited number of iterations of the basic (virtual) self-energy loop. The sum of these loops may be conveniently summarized by the mathematical expression,
By definition, the physical mass m(y) of the V-fermion is given by the pole in the propagator. Consequently,
In obtaining equation (17), we assume, for mathematical simplicity, that fermions have the same physical mass. The dimensional regularization form of equation (17) is
The thermal function in this equation is defined by
For the purposes of this paper, we shall approximate f (z) by the summation term in equation (19) . This essentially replaces the '2n B ' part of the thermal function with a '1n B ' part. The 2-factor comes from the positive and negative energy contributions in equation (10), each of which contributes to the energy flow in the propagator of equation (11) . In essence, this approximation neglects one of these contributions and curtails the on-shell condition. The result is that f (z) has the form of the single bosonic oscillator partition function absent the zero-point energy. For comparison, we note that the single thermal term in equation (14) is due to the nonrelativistic treatment of the fermions.
It follows from equations (18) and (
At this point, we may verify the zero-T expression for m(D, y) by singling out the n=0 term. For this purpose it is convenient to make a change in variable, namely, k=μ√t, and to introduce into equation (20) an arbitrary positive parameter ò in the denominator factor (t+1) ò with the understanding that ò→1 after integration. Thus, we obtain the familiar zero-T result,
Continuing with equation (20), in t-variable form, we have
One finds that the derivative of the integral in equation (22) , with respect to ny, gives an integral that is known in terms of the modified Bessel function of the second kind K (1-D/2) . Thus, the integral in equation (22) is an antiderivative from which it follows that,
If one thinks of separating out the y-independent part at this stage, let n=0 and make use of the integral,
To illustrate the dependency of m(D, y) upon D and y in equation (23), consider D=1 and
√ (π/2x). The integration and summation are minor operations and give the explicit result,
The thermal character of the mass counter term in equation (25) is proportional to that of f (y) shown in figure 1 . The thermal function f (y) diverges at the high-T limit (y→0), and approaches unity at the low-T limit (y→∞), where the mass counter term takes on its customary form for D=1.
The renormalized coupling constant g(D, y) will be discussed in section 4. It is introduced at this point so that the bare fermion mass may be expressed entirely in terms of physical parameters. For this purpose, the bare coupling constant (g o → g o (D, y)) is eliminated from equation (25) in favor of the physical coupling constant via the following dimensionless relationship for D=1,
shows that the factor enclosed by the square brackets in equation (26) is the wave function renormalization constant Z(1, y). For the arbitrary D, the dimensionless coupling constants are defined by 
The simplicity of the D=1 dimension underscores its usefulness for highlighting the effects of temperature. For illustrative purposes, figure 2 shows the dependence of the dimensionless bare mass m o (1, y)/μ in equation (29) upon the physical parameters m(1, y)/μ, G(1, y), and y. The objective is to demonstrate a pathological behavior of the bare mass that may underlie the physical mass. In a similar manner, we shall see, as is well-known in the zero-T theory, that imaginary values of the bare coupling constant may underlie the physical coupling constant. Bifurcation of the bare mass is a case in point. The mass to the right of the gap in figure 2 terminates at the physical mass, for all y. Similarly to the left of the gap, for all G(1, y). The thermal shape of the mass is more sensitive to the range of G(1, y) than to that of y. If the former interval is too restrictive, bifurcation fails to materialize and a continuous graph results. At the low-T limit, equation (29) yields a twodimensional curve giving the dependence of the bare mass upon G(1, y) for a given physical mass. The graph in figure 2 shows the thermal evolution of that curve.
There is another expression of interest in our progressive development of m(D, y). It follows from inserting the following integral representation of the modified Bessel function, Figure 1 . A schematic graph of the thermal function f (y) in equations (19) and (25). The function diverges at the high-T limit (y→0), and approaches 1 at the low-T limit (y→∞). The thermal character of the mass counter term in equation (25) is that of f (y).
into equation (23) and making use of the formula e e 1 , 3 1
nyz yz
The first term in the curly bracket comes from separating out a temperature-independent part of m(D, y) which explains why the sum in equation (31) begins with n=1. However, extraction of the n=0 term does not in itself yield the complete temperature-independent part, as it did in the one-dimensional example. The next step in this development of a final form for m(D, y) calls for a well-known way of dealing with the bosonic integral in equation (32), namely, employ the fact that, yt yt n 1 2 2 e 1 . 33
The combination of equations (32) and (33) involves a summation over n and an integration over t:
Performing the former operation first, we obtain a final desired form of the dimensionless thermal V-mass:
Very conveniently, the W m -term in equation (35a) contains the means for recovering the full temperatureindependent form of m(D, y) in the low-T limit (y→∞). In that case, the hyperbolic function in equation (36) approaches unity, and the remaining integration yields a duplicate of the first term in the curly brackets of equation (35a), thus completing the zero-T form of m(D, ∞). The V-mass renormalization diverges in the high-T limit by virtue of the properties of coth (yt/2) which show a smoothly varying, single-valued function with a declining negative-to-zero slope between its maximum (y→0) and minimum (y→∞) values, infinity and 1, respectively.
For reference, a completely transparent example of integration-first and summation-second is found for D=1. Starting with equation (34), we find that integration leads to a sum over a hypergeometric function, the G (1, y) , and m(1, y)/μ≡100. Between the extremes at G→0, and at y→0, the bare mass bifurcates into diverging branches caused by the zeroing of the denominator in equation (29). Bifurcation fails to materialize if the G interval is too small. The gray areas correspond to graph-cutoffs in the region of divergence. The depth given to the graph by the temperature variable y is an evolution of the two-dimensional curve that results from equation (29) at the zero-T limit.
evaluation of which yields an expression containing the hyperbolic function, and from there, the expected result for m(1, y)/μ is recovered.
Returning to equation (34), and carrying out the integration prior to summation for D≠1, we find seemingly incomplete expressions for m(D, y) in the low-T limit. 
The summation in this expression does not converge. If we consider the limit y→∞, with the aim of retrieving the temperature-independent form of m (3, ∞), then it follows, from first consideration, that we are one term short. In that limit, the second, and presumably the third term inside the curly bracket give vanishing contributions and the remaining term is half of that required. However, if one applies the fact that
to equation (37), calculates the sum over n, makes an obvious change in integration variable (x→1/z), imposes the y→∞ limit on the coth function that arises in the integrand, and alters the factor (z 
aids the recovery process in this case. It appears from these examples, and others, that some information is lost in the integration-before-summation procedure. The V-mass given in equations (35a) and (36) is expressed in terms of the dimensionless bare coupling constant. To complete this discussion of mass renormalization, we appeal to section 4 for the connection in equation (53a) between the bare and physical coupling constants. This connection allows us to express the dependency of the dimensionless V-mass upon the renormalized coupling constant as,
The denominator in equation (35b) is the expression of the wave function renormalization given in section 4 by equation (53b).
Wave function and coupling constant renormalization
Returning to the V-propagator in equation (16), we begin developing the wave function renormalization Z (y) by using equation (17) to eliminate m o from equation (16) . This allows us to rewrite the bare propagator as,
Invoking the standard definition of the wave function renormalization, we have 
The renormalized coupling constant and the renormalized V-propagator are given, respectively, by,
To continue with the calculation of the wave function renormalization, we combine equation (19) with the dimensional-regularization form or equation (43) and obtain,
To verify that Z −1 (D, y) takes on the temperature-independent form, single out the n=0 term in equation (47), introduce a change in variable (k=μ√t) [the denominator becomes (t+1) (3/2) ], and after integration find the zero-T result,
In the next step, equation (47) is expressed in terms of the t-variable:
Proceeding along the lines followed in the case of m(D, y), we find that the second derivative of the integral in equation (49) with respect to ny is proportional to K (1−D/2) . Consequently, the 2-fold antiderivative yields,
Thus, we have a sum and a double integral to deal with. From here on, we go through a rather straightforward procedure, like that used in the development of m(D, y), and calculate a general expression for Z −1 (D, y) that conveniently manifests the limiting cases of high-T and low-T. We have,
We find from this general expression of Z (D, y) that in the low-T limit, where the hyperbolic function approaches unity, the remaining integration provides the term needed to complete the customary zero-T result. In the high-T limit, the hyperbolic function diverges, and the probability vanishes. Combing equation (45) with (51), we may express the bare coupling constant in terms of the renormalized coupling constant as,
The quantity enclosed by the curly bracket in this equation is the wave function renormalization,
Inverting equation (53a), we express the renormalized coupling constant in terms of the bare coupling constant by,
We observe from this expression that G (D, y) vanishes in the high-T limit. If one is interested in obtaining the D=1 form of equation (53a), that is equation (26), then it is convenient to incorporate equation (40) in (53a) and carry out the integration in W Z (1, y) before the summation. A graphic of equation (26) is shown in figure 3 . The unrenormalized dimensionless coupling constant G o 2 (1, y) vanishes over the entire thermal range of y for vanishing G(1, y). It also vanishes over the entire coupling constant range for vanishing y (high-T limit). Between these limits, G o 2 (1, y) undergoes a gap-bifurcation into diverging positive and negative branches. The lower branch contains imaginary values of G o , signaling the well-known Lee model pathology.
To follow up with a three-dimensional version of the thermal behavior of the wave function renormalization, we conjoin equations (26) and (50) for D=1, and obtain,
A three-dimension schematic graph of Z(1, y) is shown in figure 4 . As the coupling strength G(1, y) increases and the thermal parameter y decreases (higher temperatures), the probability moves along the surface from positive to negative values towards the shaded region where the thermal function f (y) diverges. By way of contrast, when the coupling strength weakens and y→∞ the surface tends to flatten out between 0 and 1. This effect was observed using large intervals of y in trial runs, and is consistent with zero-T theory.
We conclude from the high-T (y→0) behavior of the general expressions for m(D, y), G (D, y), and Z (D, y) that the V-particle mass assumes the expression, m o (D, y)−∞, the strength of interaction vanishes, and the probability of finding the bare V-component in the physical V-state is zero. These observations invoke that these general expressions are given in terms of the bare coupling constant. In low-T limit (y→∞) these quantities take on familiar forms. For values of y between these limits, we have shown schematic graphs of these quantities for particular values of the physical parameters and for the lowest dimension D=1. G(1, y) . The bare coupling vanishes for zero-G, for all y. It also vanishes for all G, for zero-y (high-T limit). Between these limits, the bare coupling constant bifurcates into diverging branches, one positive and the other negative. An imaginary bare coupling constant arises in the lower branch setting off the usual misgivings concerning the physical interpretation of the theory. The gray areas correspond to graph cutoffs. Continuous surfaces are possible depending on the values assigned to G and y. 
Vertex function and scattering amplitude
The sum of the Feynman diagrams that represent the vertex function Γ (D, y, p 0 ), and the sum of the Feynman diagrams that represent the propagator S V (D, y, p o ) are described by geometric series that are proportional to one another, with the unrenormalized coupling constant serving as the proportionality constant. We have,
The renormalized vertex function is defined by,
Using equations (44) and (46), we may express equation (56) in terms of the renormalized propagator as, 
Equation ( 
As y→∞, the amplitude approaches its zero-T value. We expect less scattering at elevated temperatures, and, moreover, the scattering amplitude will vanish in the high-T limit. In particular, the coupling constant g (D, y) vanishes in that limit, and from a thermal perspective the theory is asymptotically free. We may infer that the thermal variable y in equations (36) and (52) scales the field variable k=t√μ. The next section is concerned with scaling the particle momenta.
6. Thermal CS equation 6 .1. One-dimension thermal field theory Before proceeding with a general discussion of the CS equation, we continue to consider the instructive case of D=1. In the context of the renormalization group, we begin with the dimensionless renormalized coupling constant,
The CS coefficients β (G(y)) and γ(G(y)) are defined by
Feeding equations (54) and (45) into these definitions, we have
The function f(y)-(y/3) df(y)/dy gives a curve that is similar to that shown in figure 1 . A three-dimensional plot of δZ(y) shows that it is similar to the probability displayed in figure 4 . The relation given by equation (62), shows a correlation between β (G(y)) and the probability δZ(y): they have opposite signs and zero together. With the understanding that the physical masses of the fermion particles are equal, and that there is one coupling and one renormalized field in the theory, it follows that the thermal CS equation is expressed in terms of these coefficients as
Γ is the connected, one-particle irreducible Green's function with n θ , n N, and n V external lines for the θ, N, and V fields, respectively. The right-hand side of equation (64) is the Green's function ΔΓ with a mass insertion for each internal line. We see from equation (62) that β (G(y)) has y-dependent, non-trivial zero-points given by δZ(y)=0, namely,
It also has a trivial solution at G (0)=0 that follow from equation (53c). At the low-T limit f (y) approaches unity and the non-trivial points G 2 p (y) tend to the familiar fixed value 1/√π. In the high-T regime f (y) diverges, and G 2 p (y)→0, where it coincides with the trivial solution. In view of equation (63), we see that a vanishing G(y) implies the same for γ(y). The correlation between the sign of β and that of the probability δZ is played out when both quantities are considered as functions of G(y) and y. A three-dimensional illustration of this correlation is shown in figure 5 . When the β-surface is above (below) the δZ-surface, then δZ<0 (> 0). We learn further on that the thermal theory is asymptotically free at D=1, but that does not exclude negative δZ as shown in figure 5. However, in the limit of zero-T, that is, y→∞ the δZ-surface in the figure tends to flatten out into positive values above the β-surface except for divergences at y=0. Trial runs with large intervals of y as input confirmed this observation.
It remains to consider the renormalized group equation for the temperature-dependent effective coupling constant G (K, y), where K is the scaling factor for all particle momenta. This is a Bernoulli-type equation,
subject to the boundary condition that G (1, y) equals the dimensionless renormalized coupling constant G(y). The β-function is the rate of change of the effective coupling constant as a function of scaling K and temperature.
Combining equations (62) and (66), and integrating from K ¢ =1 to K ¢ =K, we obtain the solution
To evaluate the asymptotic value of the running coupling constant, we define
The criteria for a theory to be asymptotically free are that the effective coupling constant vanish at the limit point G ∞ (y), and that the derivative of the β-function with respect to the dimensionless renormalized coupling constant G (y) be negative at that point. From equation (67) we have G ∞ (y)=0, and from equation (62) it follows that,
Therefore, the D=1 thermal theory is ultraviolet-stable at the fixed point G ∞ (y), and exhibits asymptotic freedom behavior. This conclusion parallels that already known from the zero-T theory where this result holds for D<4. However, we shall see that the thermal D-theory has points of departure from its zero-T limit.
D-dimensional thermal field theory
To initiate the general D-dimensional case for the thermal CS coefficients, we recall the dimensionless coupling constant, 
The coefficients β and γ are obtained from their definitions, equations (60) and (61), and Z (D, y) is given by equation (53b). Using a fixed value of m in W z (D, y) , we have, ,  2 2 6  2  4  ,  4 2 , , , 71 (71) is obtained from equations (51) and (53a), and is a generalization of equation (62). For D<4, we expect that the aforementioned correlation between β and δZ holds. If D>4, the correlation is different, both functions will be of the same sign.
Familiar expressions for β and γ in the low-T limit are obtained from equations (71) and (72). In particular, it is a gratifying that (4 -D) W z (D, ∞) becomes a duplicate of the first term in each of these expressions. It is evident from equations (71) and (72) that it is necessary to discard the dimensions D=6, 8, 10, K for which β and γ are non-existent. The solutions to β (G(D, y))=0 give the possible zero points of the theory, one of these is the obvious root G(D, 0)=0, while the non-trivial zeros are given by,
The usual expression for G 
Effective coupling constant in D-dimensions
The renormalization group equation in D-dimensions follows from equations (66) and (71). We have
2 4 , , 74
with boundary value G (D, y) and limits of integration as before. The solution for D≠4 is given by
To explore the physical behavior of the thermal theory in the deep-Euclidean region for arbitrary y, we let K→∞ in equation (75). The result for the asymptotic value of the effective coupling constant for D>4 is G
Replacing the right-hand side of equation (74) with (76) and integrating, we obtain 
For arbitrary temperature, this expression yields G 2 (D, ∞, y)=0. We summarize the results as follows:
Asymptotic freedom in the thermal theory
Having discarded from the theory previously mentioned dimensions, the D ≠ 4 values are covered by equations (79) and (80). In the case of D=4, the limiting value of the effective coupling constant vanishes, and so does the derivative,
We conclude that the thermal Lee model fails to display asymptotic freedom at D=4, a fact previously established for the temperature-independent theory. Turning to the case of D>4, we have two considerations. On the one hand, the equality in equation (80) seemingly eliminates this case from exhibiting asymptotic freedom even though the theory is ultraviolet-stable for odd D5:
Of course, this is true providing the temperature is finite. However, if y→0, then G 2 P (y)=0, and the conditions for asymptotic freedom are satisfied for odd dimensions D5. Finally, in the case of D<4, the zero-point vanishes, and the derivative of β is negative at this point. Consequently, the thermal theory is asymptotically free for D<4, a known fact of the zero-T model. Thus, we have calculated that the thermal Lee model is asymptotically free for dimensions D<4, and odd D5, the latter valid only in the high-temperature limit, with no apparent restriction on the former.
Laurent expansions
A familiar approach to the evaluation of a bosonic integral in thermal field theory concerns a term-by-term integration of a Laurent expansion of the integrand. Doing this for coth (yt/2) in equation (36), we obtain an explicit y-series for m(D, y)/μ:
where,
The first term in equation (84b) does not exist for odd integers 3, 5, 7, KThe second term excludes D=4, 6, 8 and the third term excludes D=2, 4, 6. The first contribution in this sequence comes from the first term of the Laurent expansion and is notably of the zero-T type. At high-T, the second term dominates the linear-T behavior of m(D, y), while the remaining terms decline at these temperatures. Using equation (53a) to replace the bare coupling constant in equation (84a) with the physical coupling constant, we have, 
The third term in equation (86) excludes odd integers 5, 7, 9, K Exclusions due to the other terms are repeats of equation (84b). The Laurent expression for m(D, y)/μ takes us beyond the D=1 graphics of the previous sections. The dependency of the bare mass m o (D, y) /μ in equation (85) upon three physical parameters is shown in figure 6 for D=3.1. The mass increases on the right-hand side of the figure with increasing G up to bifurcation and beyond, for all y values. A larger G-interval has the effect of widening the gap; a larger y-interval shortens the gap. The physical mass m/μ is arbitrarily assigned the value 100.
Next, we consider the Laurent expansion of β(D, y) in equation (71). It follows from the expansion of the expanded W Z (D, y) that 
Dimensions at which the various terms in equation (87) exist have been enumerated. The correlation between β(D, y) and Z(D, y) of equations (87) and (86), respectively, continues to play out for higher values of D. A three-dimensional schematic graph of the dependence of these quantities on the dimensionless renormalized coupling constant and the thermal variable y is shown in figure 7 . Expanding the range of y causes the line of intersection to move to the left, squeezing the two sheets at y=0, and causing the probability to flatten out into positive values only. Less of an effect is caused by an increase in G. The shaded areas in the figure 6 represent cutoffs in the graph.
The correlation between β(G, y) and Z(G, y) takes a turn when D takes on a value greater than 4. According to equation (71), these functions have the same sign wherever they overlap, unlike the configuration in figure 7 for D=3.1 where these functions have opposite signs upon overlap. The three-dimensional schematic graph of figure 8, shows the dependency of the Laurent expansions of Z (g, y) and β(G, y) in equations (86) and (87), respectively, on G and y for D=7.1. In this case, figure 8 shows that negative (positive) β(G, y) correlates with negative (positive) Z(G, y).
Summary
We have discussed dimensional regularization of the renormalization of the mass, wave function, and coupling constant for the V-sector of a thermal Lee model. Closed mathematical expressions for these quantities and the scattering amplitude have been derived for arbitrary dimensions D, and temperatures T, the latter via the thermal variable y≡μ/T which acts like a scaling parameter of the boson-field momentum in the finite integrals of dimensional regularization. Renormalization of the fermion mass m(D, y) diverges at the high-T limit (y→0), and takes on a familiar form at the low-T limit (y→∞). The wave function renormalization constant Z (D, y) and the renormalized coupling constant G(D, y) vanish at the high-T limit, and assume their respective familiar forms at the low-T limit. The scattering amplitude T(D, y, ω) vanishes at the high-T limit and coincides with the standard form at the zero-T limit.
Exact (D=1) and approximate (D=3.1 and 7.2) solutions of the renormalizations are given graphic representation, the latter in terms of Laurent expansions. These graphs show the dependence of these renormalizations on temperature and the renormalized coupling constant. Graphs of the bare mass and bare coupling constant display a bifurcation made manifest by the input parameters. Results show that the thermal theory is susceptible to the same negative probability problems familiar from the temperature-independent theory. It would have been folly to expect otherwise. If desired, one could work around the spookiness by the proper restriction of the range available to the probability, as has often been done with the zero-T theory. According to equations (53b) and (73), this requires that G 2 (D, y), a condition that follows from equation (53c) if G o (D, y) is real. The author surmises that the V ghost-state solution [15] proposed for the temperatureindependent theory may also be applicable to the lowest sector of the thermal Lee theory, unless it should happen that some mechanism like the presence of the heat bath, or some other mechanism, such as the violation of causality (non-locality), conflicts with the required space-time symmetry.
The β(G, y) and γ(G, y) coefficients of the thermal CS equation have been determined in closed form, including three-dimensional graphics showing the dependency of these functions on the dimensionless coupling constant G and the thermal variable y for three values of D. Two of these values (1 and 3.1) are less than 4 and show a direct correlation between β (G, y) and Z(G, y) previously observed in the zero-T theory, namely, a negative (positive) β (G, y) can be used to assert the absence (presence) of a ghost state. The third value (7.1) of D is greater than 4 and the correlation is different, namely, a negative (positive) β(G, y) associates with a negative (positive) value of Z(G, y), signaling pathological probabilities or not. At D=4, Z (G, y) diverges, while β(G, y) generates a smooth surface from the thermal evolution of two-dimensional cubic curves. We found that the high-T limit of the thermal model is asymptotically free for odd space-time dimensions D5, and for D<4, with no such restrictions on the latter. Asymptotic freedom does not preclude negative probability in the thermal Lee model.
We can think of a number of problems that may be of interest in the present context. First, it may be more realistic to include the statistically-corrected fermion propagators in the current calculations to mimic realistic thermal field theory. The complete finite-temperature computation would lead to a fermion mass expression including both temperature and momentum terms. It is reasonable to expect that the momentum dependence of the fermion mass would occur at high-T. An example of this can be seen in the case of quantum electrodynamics [22] . Thermal effects on the amplitude of decaying states and on the energy spectrum of bound states can be studied within the framework of the model, starting with the lowest non-trivial sectors. Other interests concern thermal effects on other scattering processes, and radiative corrections of decays or scatterings due to the real emission and absorption of bosons particles from the background heat bath.
An underlying feature of the present work is the use of the truncated on-shell condition. One may readily demonstrate that the results of this approximation are essentially similar to those that follow from the full onshell condition whereby f (y) = coth(x/2). In that regard, it is instructive to work out the high temperature expansion of the "2n B " integral in Equations (17) and (43) along the lines of analysis used for the one-loop approximation in phi-4 theory [24] . Such calculations of these integrals by the author have been carried out post the present work.
